The quantum random walk (QRW) is the term given to a family of algorithms governing the evolution of a discrete quantum system and as such has a founding role in the study of quantum computation. We contribute to the investigation of QRW phenomena by performing a detailed numerical study of discrete-time quantum walks. In one dimension (1D), we compute the structure of the probability distribution, which is not a smooth curve but shows oscillatory features on all length scales. By analyzing walks up to N = 1000000 steps, we discuss the scaling characteristics and limiting forms of the QRW in both real and Fourier space. In 2D, with a view to ready experimental realization, we consider two types of QRW, one based on a four-faced coin and the other on sequential flipping of a single two-faced coin. We show analytically and numerically that both QRWs may be generated using two two-faced coins, which in the first case are completely unentangled and in the second are maximally entangled. We draw on our 1D results to characterize the properties of both walks, demonstrating maximal speed-up and emerging semi-classical behavior in the maximally entangled QRW. We discuss existing and proposed experiments realizing these phenomena.
INTRODUCTION
The quantum random walk (QRW) is one in which the walker is controlled by a random quantum mechanical variable. Different paths to the same point are therefore subject to quantum interference, and indeed in the conventional, two-state QRW, the classical maximum is the point of maximal destructive interference. The resulting linear diffusion of the maximum probability illustrates a key qualitative difference between classical and quantum random walks, emphasizes the importance of understanding the evolution of quantum systems, and can result in an exponential acceleration of quantum search algorithms.
Studies of QRWs can be divided into those focused more on its physical aspects and those focused on its applications in algorithm development and computation. Research in the field, which was predominantly theoretical, can be said to have peaked approximately one decade ago, driven by the excitement related its computational aspects. At this point some authors may regard the QRW as a mature topic, at least to the extent that it is now endowed with a significant number of review articles [1] [2] [3] [4] . From these one may conclude that the QRW remains of fundamental importance as a minimal model for studying evolution processes from a simple quantum protocol, in physics for studying quantum interference, quantum entanglement, the propagation of quantum information, the influence of the starting state, and even fractal structures, and in computation as a touchstone for the development of algorithms to solve increasing numbers of classes of real-world problems using quantum computers.
On the computational side, a computer based on "quantum logic" is expected to be far more powerful than one based on classical logic. The two best-known quantum algorithms accessing such power are Shor's [5] for solving the prime-factorization problem in polynomial time and Grover's [6] providing quadratic acceleration in the problem of searching unsorted databases. Since the introduction of the quantum random walk (QRW) by Aharonov and coworkers [7] , many authors have considered its use in developing new quantum algorithms [2, 3, 8] . The QRW is a simple but valuable example of a well-defined quantum evolution problem, whose single most important attribute is the fact that it can provide polynomial or exponential speed-up compared to classical algorithms for certain classes of problem [9] [10] [11] . In particular, as a nondeterministic polynomial problem it can be translated into a search algorithm, and therefore used in the investigation of these. QRW-based algorithms have been developed for fields as diverse as pattern recognition [12] , chemical dynamics [13] , and protein folding [14] . One of the most recent breakthroughs in the study of quantum algorithms has been to prove that the QRW provides a universal model for quantum computation [15] [16] [17] .
On the physical side, early and intensive investigation of the discrete QRW in one dimension (1D) established and explained a number of its fundamental properties, such as destructive interference and linear diffusion, the role of the coin, the effect of boundaries, and of the geometry of the walker space (the graph) [1, 4] . Childs et al. [18] proposed the continuous-time QRW and Ambainis et al. [19] provided the exact solution, by the Schrödinger approach, for the discrete-time QRW. Since this period, theoretical studies of the QRW have provided a slower but steady stream of results addressing more complex walks, such as those with multiple coins [20] , multiple walkers [21] , or in multiple dimensions [22] . Some authors have discussed walker dynamics [23] and others the different types of walk generated using multiple coins with different degrees of entanglement; in one study it was shown [24, 25] that a single-coin QRW in 2D is equivalent to the maximally entangled "Grover coin" (a two-coin algorithm). A recent resurgence of interest in the QRW has come about to a significant extent because experimental capability has caught up with many of these theoretical proposals, particularly to create walks with complex coin protocols and in two phase-space dimensions.
The physical implementation of the 1D QRW is now possible in several different types of system. The first and still the most popular approach is to use photons as the walker, allowing the QRW to be demonstrated, using only linear optics, in real space [26] , in the time domain [27] , or in the space of orbital angular momentum [28, 29] . QRWs of a "real" particle have been demonstrated using cold atoms on an optical lattice [30] , trapped ions [31, 32] , and also pairs of nuclei addressable by nuclear magnetic resonance techniques [33] . However, all of these QRWs are restricted to rather small numbers of steps, and some have inherent limits to the size of their phase space. In this regard, far the most successful implementation to date uses waveguide lattices to observe a continuous 1D quantum walk for over 100 steps [34] . Most recently, a significant breakthrough was made in the implementation [35] of QRWs in 2D by using an optical fiber network to observe walks of up to 6 full step cycles in the time domain. Assuming a sufficiently large phase space, the key challenge to experimental accuracy in any of these realizations is the number of steps over which the quantum coherence of the walk can be maintained.
Despite the large volume of work performed on the QRW, we have not been able to find any that address the properties of the system at long evolution times, meaning at large values of the step number N . As the challenges in quantum computing move toward the large scale, it would appear that there is a need to understand the behavior of quantum algorithms in the large-N regime. The aim of this paper is to analyze QRWs at large N to establish their properties, both universal and specific, and thus effectively to gauge the flow and concentration of information in one particular set of algorithms. We will consider in detail the 1D QRW, where we have performed calculations up to N = 1000000 steps, to establish the scaling characteristics, spatial information content, universality, and limiting form of the probability distribution. We will then turn to different types of possible QRW in 2D, where we use our 1D knowledge both directly and to benchmark the additional forms of behavior that emerge, particularly entanglement, accelerated diffusion, and semi-classical limiting distributions.
We comment that there is a sense in which the QRW is not random at all, or at least no more so than any other quantum system. At issue is the well-defined evolution resulting from a quantum operator acting on a wave function, a situation under which the information content is always a probability distribution. Indeed, many authors in the field have chosen to use the terminology "quantum walk" as an alternative description. Here we continue to refer to the evolution process of the quantum algorithm as a "QRW" to reflect the connection with the classical random walk, meaning the fact that ultimately one is describing a discrete particle (walker) whose location may in fact be quite classical but is dictated by the interference of a quantum wave function (that of its internal degrees of freedom).
In this paper we perform a detailed analysis of the 1D QRW and two fundamental 2D QRWs. By calculating probabilities for large numbers N of steps, we investigate the destructive interference, the scaling properties, the frequency content, and the combination of QRWs. The structure of the article is as follows. In Sec. II we review the classical random walk and a simple, symmetrical model for understanding the discrete-time QRW in 1D, including its analytical solution. Section III presents our numerical results for 1D QRWs up to large N and their analysis in both real and Fourier space. In Sec. IV we introduce two basic algorithms to generalize the QRW to 2D and demonstrate analytically their relationship to two-coin walks. Borrowing from the understanding developed in 1D, in Sec. V we provide the complete numerical characterization of these two 2D QRWs. In Sec. VI we turn to the questions of experimental realization of the 2D QRW and of retaining quantum walk coherence. Section VII provides a brief summary.
II. ONE-DIMENSIONAL RANDOM WALKS

A. Classical Random Walk
A walker standing at the origin of a line flips an unbiased coin and steps to the right if a head comes up or to the left if the result is a tail. After many flips, and taking a fixed number of steps based the coin state, the location of the walker is an unknown, random position, but the probability distribution of this position is a definite statistical quantity. After N steps, the probability of the walker being at position x is
i.e. this process, the discrete-time 1D classical random walk, follows a binomial distribution. The walker's position x may only be an even (odd) integer when N is even (odd). In the continuum limit, which is approached for sufficiently large N , the distribution is Gaussian ( Fig. 1 ) and its standard deviation, which represents a mean propagation distance in a sample of many walkers, is σ = √ N . 
B. Quantum Random Walks
A QRW refers to a random walk effected using a quantum device, and as such requiring a quantum mechanical description. While there are many ways of describing such a walk (we refer the reader to Ref. [1] for a review), here we will introduce only the simplest, most symmetrical, and most transparent variation as a first step towards computing the universal properties that apply to all such walks. Following the classical formulation of a coin and a walker, the QRW differs fundamentally from its classical counterpart in that coin and walker are "entangled" in the same quantum "particle" (realizations of such a particle will be discussed in detail in Sec. VI). This particle acts as the walker and its internal states as the coin. The essential consequence of this entanglement is that the propagation of the quantum walker depends not on its probability (Sec. IIA) but on its amplitude. This amplitude is subject to quantum mechanical interference, which can be constructive or destructive, leading to completely unconventional forms of probability distribution (Fig. 2) .
In the remainder of this section we demonstrate the evolution of the discrete-time QRW by considering its analytical description both in real (Sec. IIB) and in Fourier space (Sec. IIC). As noted above, we present only the case of a maximally symmetric QRW on an open line; QRWs on lines with boundaries, on circles or other graphs, and with asymmetries in their evolution are also discussed in Ref. [1] . With a view to later application, we denote the two internal "coin" states of the walker, or particle, as ↑ and ↓. As a first step to making quantitative the statements of the previous paragraph, in a classical walk the coin states are completely separate (↑ or ↓ with probabilities 0 or 1), whereas a quantum coin can occupy any superposition state a| ↑ + b| ↓ . Thus the quantum system is described by the wave function
where N is number of steps in the walk, i is the posi- tion index, and |i the corresponding state. The QRW is described by the evolution of this wave function under the quantum operation for successive steps. The probability distribution for finding the walker at position i (state |i ) is found from the trace over the coin states to be
, with i P i = 1. The first step in a discrete QRW is a rotation in the coin space, represented by a unitary operator U , which is often taken as the Hadamard transformation
U H acts on the coin states
to create superposition states with equal probabilities of | ↑ and | ↓ content,
The second step is the coin-dependent translation of the walker, described by the shift operator
whose action is
The result of the two-step evolution process is then
when applied to a walker at site 0 as the first step of the QRW. The coefficients a 0 and b 0 of the initial coin state are arbitrary, which has a profound influence on the symmetry of the probability distribution of the QRW [1] . To obtain a distribution symmetric under the application of the Hadamard operator, a factor of i in the initial state ensures that amplitude coefficients originating from the starting | ↑ and | ↓ states remain equal and separate under repeated action of U H , with interference occurring only when calculating the probability. For the initial coin state
the first two steps of the QRW are
and
The probability distribution for a QRW of N = 100 steps is shown in Fig. 2 . It is manifestly completely different from the classical random walk (Fig. 1) , with clear maxima at values of i close to ± 0.7N (revealed at larger N to be ± N/ √ 2). The probability for i = 0 is close to 0, indicating that the origin of this counter-intuitive behavior is an almost complete destructive interference among the paths of the quantum walker returning to the origin. The standard deviation of the probability distribution in this QRW is σ ∝ N , indicating a linear spreading rate, which is one of the most important attributes of this evolution algorithm [Eq. (8) ]. We present a quantitative analysis of the properties of the QRW in Sec. III. The QRW evolution process acts to propagate the quantum mechanical amplitudes, preserving the complete information content of the internal states.
The difference between the classical and quantum walks can be understood from the non-commuting nature of the (matrix) quantum operators and its consequences for the interference of different walker paths. The Hadamard operator can be decomposed [36] as U H = P + Q with
It is easy to see that P determines motion of the walker to the right and Q to the left. Evolution under the QRW for N steps is represented as U N H = (P +Q) N . In the classical random walk one has 1 N = (p + q) N , where p = q = 1 2 (for a symmetric walk) are real numbers representing probabilities, whereas the coefficients of matrices P and Q represent quantum amplitudes. Let the initial quantum state at step 0 be represented
(| ↑ + i| ↓ ) and 0 N represents a sequence of N walker locations where the quantum amplitude is zero. The evolution of the quantum state is then
We focus first on the probability of finding the particle at position i = 0 at the 4th step. The operator is (P 2 Q 2 + P QP Q + P Q 2 P + QP 2 Q + QP QP + Q 2 P 2 ) and its classical analog is p 2 q 2 + pqpq + pq 2 p + qp 2 q + qpqp + q 2 p 2 = 6/16. By matrix multiplication,
whence P QP Q + P 2 Q 2 = 0 and QP QP + Q 2 P 2 = 0, illustrating the destructive interference of different pairs of paths. This leaves only two terms, P Q 2 P and QP 2 Q, where the first letter in each term is the final operator and therefore determines the internal state, in that all operator strings beginning with P denote the internal state | ↑ and all those with Q denote | ↓ . Thus one may write
and then from U ↑ ϕ and U ↓ ϕ deduce that
Clearly the QRW probability for the walker to return to site 0 is P = P ↑ + P ↓ = 2/16, a number significantly smaller than the classical probability as a consequence of destructive interference. Turning next to the term P 3 Q+P 2 QP +P QP 2 +QP 3 , the individual terms are
again with terms P 2 QP , P QP 2 , and P 3 Q all generating the internal state | ↑ , whereas QP 3 ensures | ↓ . Thus for site i = 2 one has
and the probabilities
The contributions of the different paths are no longer symmetrical and the net interference appears constructive by comparison of the QRW probability P = P ↑ + P ↓ = 6/16 with the classical value of 1/4. If the complete probability distribution of the classical random walk is represented as (1, 0, 4, 0, 6, 0, 4, 0, 1), then for the QRW it is (1, 0, 6, 0, 2, 0, 6, 0, 1), both with normalization coefficient 1/16. One may conclude that the noncommutativity of the quantum operators determining different paths to the same walker position, expressed in Eqs. (13) and (16), encodes the interference of amplitudes leading to the entirely unconventional quantum phenomena reflected in Figs. 1 and 2.
C. Analytical Solution of the 1D QRW
In fact the QRW governed by the Hadamard operator has an analytical solution [19] , which we review here in order to introduce the concept of Fourier analysis. The evolution operator has a more concise form in k-space (Fourier space) than in x-space (real space), so the initial wave function may be transformed to and evolved in kspace before inverting the Fourier transform to obtain the real-space solution.
Let
T denote the quantum state at position x at step t of the walk. Here t replaces N of the previous section and x replaces i (but is still understood to be an integer); ψ ↑ (x, t) denotes the coefficient of internal state | ↑ , and ψ ↓ (x, t) corresponds to | ↓ . ψ(x, t) is a consequence of evolution from the states at spatial positions x − 1 and x + 1 at "time" step t − 1, and therefore a recursive expression for the dynamics of ψ in the Hadamard QRW is given by ψ(x, t+1) = 0 0
By a spatial Fourier transformation one obtains
a quantity whose evolution may be deduced from Eq. (19) to take the form
where the one-step evolution matrix is given by
and the full problem is specified by
The eigenvalues of the 2×2 matrix M k are given by
where sin ω k = sin k/ √ 2, and the corresponding eigenvectors are
with
. For consistency with the calculation in Sec. IIB, we consider the initial state ψ(0, 0) =
(1, i) T , in which case the corresponding state in k-space is clearly (20)
(1, i) T for all k. The state ψ t (k) obtained by evolving ψ 0 (k) for t steps (23) can be expressed as
k , which is a wave function in Fourier space at time t of the form
T . By inverse Fourier transformation, the real-space wave functions for the | ↑ and | ↓ internal states are
and finally the probability of finding the walker at a given position x after a walk of t steps is given by
We stress again that t is not a true time variable but simply the number N of steps in the walk; Eqs. (27) and (28) contain no dynamics, because the term e −iω k t provides no more than a compact notation for the combination of N with k, the spatial Fourier variable conjugate to the actual walker displacement x.
A numerical calculation of the exact analytical solution, contained in Eqs. (27) and (28), is shown as the red curves and points in Fig. 3 , where we compute the probability distribution in both real space [ Fig. 3(a) ] and Fourier space [ Fig. 3(b) ] for N = 100 and 1000. The blue curves show our numerical calculations based on iterating the QRW specified in Eqs. (5) and (7) with the initial state specified in Eq. (9) . The results are identical up to a relative error of 10 −5 caused by the numerical integration of Eq. (27) . We comment in detail on the forms of these distributions in Sec. III.
The importance of the values ± N/ √ 2, noted in Sec. IIB, is clearly evident in Fig. 3(a) , and it was deduced in Ref. [37] that the limiting distribution is concentrated in the interval −
as N → ∞. We will qualify this statement in Sec. IIIA. Although the analytical solution [19, 37] gives the exact probabilities for any position and number of steps, in fact the expressions in Eq. (27) , which require numerical integration over complex quantities, are not easy to compute when N becomes large. In this regime, direct numerical calculation of the probability distribution is more straightforward, and we use this approach in Sec. III to reveal the properties and structure of the 1D QRW at large N .
III. NUMERICAL STUDIES OF THE 1D QRW
We now consider in detail the properties of the 1D QRW introduced in Sec. II. The probability distribution obtained from this quantum algorithm has a number of very striking properties in both real and Fourier space (Fig. 3) . Among them are the clear importance of ± N/ √ 2 noted above, the twin-peaked "envelope function" of the P (x) distributions with its remarkable zone of destructive interference around x = 0, the width of these peaks, and the rapid oscillation of the functions (both P (x) and F (k)) at high spatial frequencies within the envelope. We clarify immediately that this oscillatory behavior is "real" in the sense that show only the probabilities at even steps 0, ± 2, ± 4, . . . , with the zero-probability odd steps not shown; the QRW contains additional oscillations in space between the "microscale" of individual steps and the "macroscale" of the walk length. For computational convenience we adopt an algorithm slightly different in detail from the one introduced in Sec. IIB but identical in its effects. In place of the Hadamard operator we use instead the "Y -operator"
which is more "balanced" [1] in the sense of treating | ↑ and | ↓ on an equal footing; the operator itself does not bias the walk. The most transparent initial state to use is
which leads to the same result as the QRW introduced in Sec. II. The Y -operator has the further advantage of additional convenience in the construction of 2D QRWs (Sec. IV).
We begin by analyzing the most obvious feature of the QRW, which is the tendency for the probability distribution to peak around 0.7N . From Sec. IIC it is clear that the factor 1/ √ 2 plays an important role in the analytic solution and in physical terms it would appear to mark the crossover in behavior from a low probability arising due to destructive interference to a low probability arising simply from the extremely low likelihood of having more than 85% of the steps of an unbiased random walk be in the same direction. In Fig. 4 we show numerical results for the probability distributions of 1D QRWs with four different values of N , with the position axis normalized by N . As N increases, the distributions exhibit both increasingly oscillatory behavior, which we analyze in Sec. IIIB, and a peaking of the envelope function, which becomes sharper as it converges towards a maximum probability close to step N/ √ 2 (Sec. IIIC). This convergence in shown in more detail for values up to N = 1000000 in Fig. 5 . The macroscopic feature is indeed a convergence towards N/ √ 2. Further, on a relative scale the distribution appears to tend towards δ-functions centered at ±N/ √ 2. However, we caution that this is not the complete story and we consider the asymmetric envelope shape in Sec. IIIC. The point of maximum probability is in fact x max = 70684 for N = 100000 and x max = 707050 for N = 1000000, while the exact value of 1/ √ 2 is 0.707106. Thus in fact there are still more than 25 even steps of finite probability separating x max from N/ √ 2 for N = 1000000 [see Figs. 7(i) and 7(j)]. The probability at x = N/ √ 2, shown in Fig. 6 , is always close to one half of P (x max ), and this point marks the approximate crossover where P (x, N ) changes from algebraic to exponential decay with N (below). There are always points of finite P (x) beyond x = N/ √ 2 and the more exact statement of the result of Ref. [37] is that the normalized support converges to the interval −
as N → ∞. The probability of a walker passing beyond this interval vanishes more rapidly than interference effects can cause it to grow, and the net consequence of the destructive interference between paths is to "pile up" the probability close to (but mostly below) the limits of the interval. width scales with N . It is worth noting that the weight at position zero, which has the maximum number of interfering paths, does not vanish completely due to destructive interference in any finite-length QRW. By contrast, the probability at positions x = x max and x = N/ √ 2 scales as
and P (N/ √ 2) = 0.44P (x max )], accounting for the sharpening of the distribution peaks with increasing N . We return to the question of the peak shape in Sec. IIIC. As noted in the preceding paragraph, beyond x = N/ √ 2 there is a very abrupt change in the form of P (N ) to an exponential decay, as shown in Fig. 6 for the point x = 0.7072N and in the sudden loss of oscillatory behavior in Figs. 7(i) and 7(j); this we will also analyze in more detail in Sec. IIIC.
B. Oscillatory Behavior
We turn next to the question of the oscillatory behavior of the probability distribution within its envelope function. We stress again that this has nothing to do with the period-2 oscillation created by the fact that walkers alternate between odd and even sites at successive steps of the walk. We begin by showing in Fig. 7 the qualitative nature of the oscillations in the real-space probability distribution function for selected regions of the interval, using different values of N to highlight their universal nature.
One of the most important properties of the oscillations is that their effective wavelength, in terms of the fundamental step size, appears to decrease towards larger values of x. At the center of the distribution, as shown in Figs fact that the distribution also has an effective lower envelope function, in that the probability is never zero on any even points and in fact is very much larger than the size of the oscillations close to x = 0 [Figs. 7(a) and 7(b)], but we do not analyze this further here.
To quantify the nature of the oscillations, we count the numbers of peaks in the probability distribution within different intervals and for QRWs of different N . First of all, by counting the total number of peaks it is clear ( Fig. 8 ) that this is linearly proportional to (approximately 8.5% of) N . Subdividing the QRW into intervals of fixed length and counting the peaks in each of these gives the results shown in Table I . By comparing these peak counts horizontally, meaning for different intervals within walks of the same N , a steady increase in frequency becomes apparent out to x ≈ 0.6N , from very long-wavelength (periods of 50 or more steps) oscillations near x = 0 to extremely rapid (period-4) ones when x is a signifcant fraction of 1/ √ 2. We remind the reader here that a period of 4 in a system where odd sites have probability zero is essentially a max-min-max-min-. . . structure within the envelope [Figs. 7(g) and 7(h)]. Thus spatial information about the QRW is truly contained on all length scales. By comparing the peak counts vertically, meaning for different values of N , it becomes apparent that corresponding regions have precisely the same frequencies, with the maximum frequency occurring in the region around x = 0.58N . Thus the spatial modulation of the QRW is a quantity independent of N ; although QRWs of different N cannot be called self-similar, they do share similarities in particular aspects.
Other forms of similarity and scaling appear in particular segments of the probability distribution. Considering first the region close to x = 0, Fig. 7 (a) shows 15 peaks in the region [0, 300] for N = 1000. The corresponding region for N = 10000, which is [0, 3000], contains 148 peaks, confirming the conclusion drawn above that the frequencies are the same in corresponding areas for differing N , leading to the overall linearity in N of the peak number (Fig. 8) . However, by counting the first 15 peaks in the probability distribution for N = 10000, shown in Fig. 7 (b), they fill the interval [0, 960], indicating a √ N scaling of the maximum wavelengths around the center of the distribution. We clarify that this is not in contradiction with Table I , where the representative low-x intervals are taken at different finite values of x.
This type of scaling may also be observed in other regions of the QRW probability distribution. Focusing next on the special structures noted above, Figs. 7(c) and Figs. 7(d) show three of these, which we find quite reproducibly in the region around x = N/2. More accurately, these macroscopic dips of the distribution envelope appear around x = 0.36N , x = 0.45N , and x = 0.58N . The interval around 0.58N , which is also the region with maximum oscillation frequency, shows a particularly remarkable beating structure [Figs. 7(e) and 7(f)], with multiple points where the upper and lower envelopes meet. Figures 7 (g) and 7(h) show the maximal frequency regime and parts of the beating envelopes in the fullest detail, and Table II contains the corresponding information for the beating interval for QRWs of N = 1000, 10000, and 100000. Again it is clear that a factor-10 increase in N causes only a factor √ 10 magnification of the width of the beating structure and, given the fixed maximal frequency in this interval, of the number of peaks it contains.
We close our discussion of the scaling of peak widths by considering the probability oscillations around x = N/ √ 2. By counting the width of the region covered by the last 10 peaks up to and including the peak of maximum probability, we find that this scales according to N 1/3 (Fig. 9) . Similarly, the full width at half maximum height (FWHM) of the leading peak in P (x) also scales with N 1/3 , and hence this last peak retains its aspect ratio when x is normalized by N . Thus we demonstrate the presence of algebraic scaling in the probability oscillations over the full distribution.
C. Peak Shape
Next we consider the shape and scaling of the asymmetric envelope of peaks in the probability distribution to ascertain its functional form, P (x, N ). The dependence on N is largely contained in Fig. 6 and we make these results more systematic here. Concerning the dependence on x, we take the results of Sec. IIIA as a demonstration that the "crossover" region just beyond the maximum peak becomes a set of vanishing measure at large N ; to fit the envelope function, meaning the set of points extracted from the full data set that fall close to the upper edge of P (x), for the region x ≤ x max , we assume that it diverges at x = ± N/ √ 2 for large values of N . Before considering the QRW, we recall that the functional form of the probability distribution for a classical random walk 6.5x10 -7 7.0x10 (Sec. IIA) becomes a Gaussian at large N , with the form
where σ = √ N , A = 1/ √ 2πN , and P 0 = 0 = b for a normalized and centered distribution. This is an exponential function whose characteristic width scales with √ N . By contrast, for the QRW with large N we find an excellent fit to an algebraic form, (32) for each half of the distribution, with b = ± N/ √ 2. To quantify the extent of the validity of such a fit, we examine the data on logarithmic axes [inset, Fig. 10(a) ], finding that a single power-law provides a robust description of the envelope for the entire region 0.4N ≤ x ≤ x max . For the three free parameters, our results as N → ∞ (in practice, up to N = 1000000) indicate that the constant P 0 = −B/N with B = 1.884. Fits performed using only two remaining free parameters, and illustrated in the main panel of Fig. 10(a) for the case N = 1000000, allow us to deduce for the large-N limit that the prefactor approaches a = A/ √ N with A = 1.5 and the exponent approaches c = 0.5. We conclude that to an excellent approximation the envelope function follows a square-root form in x measured away from x = ± N/ √ 2, and this determines the algebraic form of the peak width. The behavior of the prefactor A ensures that P e (x) ∝ 1/N across all of this range, consistent with the results of Fig. 6 but excluding the final peak. We remind the reader that the envelope function P e (x) is not a quantity obeying a normalization law as the true distribution P (x) does.
Below x = 0.4N , the shape of the envelope begins to deviate from the universal square-root form [inset, Fig. 10(a) ]. To ascertain its shape close to the center of the distribution, we instead apply a fit of the form
for each half of the distribution. Again the data on logarithmic axes [inset, Fig. 10(b) ] show an excellent fit to a single set of parameters over a broad region, 0 ≤ x ≤ 0.2N , where
with A ′ = 1, and c ′ = 2. The results are shown in the main panel of Fig. 10(b) . Thus the P ∝ 1/N form is maintained, the universal behavior of the envelope around its center is a quadratic dependence on x, and there is a relatively significant constant contribution that reflects directly the incomplete nature of destructive interference in the central region of the QRW. We regard the intermediate regime 0.2N ≤ x ≤ 0.4N as a crossover zone between the two limiting forms [Eqs. (32) and (33)] and do not consider it further.
We close our discussion of the probability distributon P (x, N ) by considering the region x > N/ √ 2. Here there are no longer any oscillations [Figs. 7(i) and 7(j)] and P (x, N ) is the "envelope." In Sec. IIIA [ Fig. 6 ] we showed that the dependence on N crosses very rapidly to an exponential decay around x = N/ √ 2. A complete fit of the data in this regime reveals the form
2, and a = AN −2/3 with A = 0.8, i.e. an exponential and pseudo-Gaussian behavior but with unconventional alterations to the exponents in both x and N . The effectiveness of this fit is shown in Fig. 10(c) , which also highlights how rapidly the probability falls away in a short distance beyond x = N/ √ 2. 
D. Fourier Transformation of the 1D-QW
In Sec. IIIB we explored the rich spatial frequency information contained in the oscillations of the probability distribution P (x). The QRW contains oscillations on all length scales from ultra-short wavelengths around x = 0.58N to long-wavelength oscillations scaling as √ N around x = 0, with similar algebraic scaling around x = x max . These differing spatial frequencies can even combine to create highly reproducible beating structures in certain regions. All of this information should be reflected in the Fourier transform of P (x), which we discussed from an analytical point of view in Sec. IIC.
Here we perform a discrete Fourier transformation on the data sets for 1D QRWs of all lengths N , finding results for the Fourier components, F (k), of the type shown already in Fig. 3(b) for N = 100 and N = 1000. F (k) possesses a primary peak with amplitude F (0) = 1 at k = 0, flanked by two secondary peaks with negative components at k ≃ 5π N , and then shows an oscillatory form between positive and negative values of the Fourier components. The oscillations are again contained within a decaying envelope function, which we find to be identical at positive and negative values, and the k-space periodicity of the oscillation is remarkably constant across the range −π < k ≤ π. This result is a clear reflection of the fact that spatial information is present in the probability distribution on all length scales, and the mixture of positive and negative components across the range of k is manifest in complex mixing phenomena such as the beating structure. However, beyond the large k = 0 component there are no special spatial frequencies appearing in the distribution. We comment here that the constant component F (0) = 1 is simply the sum of all data in real space, and therefore is the result expected for a normalized distribution.
We begin our quantitative analysis of the Fourier transform F (k) by counting its peaks. Figure 11(a) confirms that the total number of peaks in the Fourier spectrum scales linearly with N , as in real space and again with a constant of proportionality of order 8% (more precisely, 1/12) for each half of the transformed distribution. As in real space, we may also count the peaks in particular parts of the distribution to investigate their scaling form. The most striking feature of the Fourier transformed data for large values of N is a reappearance of beating phenomena between the upper and lower envelope functions. In complete consistency with the results of Sec. IIIB, where the beating structures were observed in the region of the distribution with the highest spatial frequencies, the Fourier-space beats are clearest close to k = π. In Fig. 12 we illustrate this property with the k-axis rescaled to N k/2π to better reflect the number of Fourier components in the data set. As in Sec. IIIB, we may characterize the structure of the beat pattern by considering the length of the final beat and the number of peaks it contains, which are tabulated in Table III and illustrated in Fig. 11(b) . From the latter it is clear once again that the beat structures scale according to √ N . Proceeding as in Sec. IIIC, we consider the possibility of a universal fit to the envelope function F e (k, N ), whose k-dependence is valid for all values of N . The Ndependence of F e (k, N ) is shown in Fig. 13(a) for values of k from across the full range, and the constant slope gives the clear result F e (k, N ) ∝ 1/ √ N . Mindful of the fact that the real-space envelope changes form between the limits of small and large x, we consider the functional forms
an excellent fit at small k, out to k ≈ 0.2π, and Eq. (36) with c ′ = 1 an excellent fit for all k values in the upper half of the range. Thus we find the k-dependence of the envelope of Fourier components to be algebraic over the whole range, with an inverse square-root decay away from k = 0 crossing over to a linear decrease as k approaches π.
In summary, the Fourier transform of the QRW probability distribution contains all of the same information in a complementary form. It is bounded by upper and lower envelope functions with the same algebraic decay. It demonstrates that spatial frequencies are present on all scales from the inverse step length to the inverse system size, with no special internal period(s) but with distinctive beating structures on a length scale of √ N . While the QRW does not satisfy the strict definition of selfsimilarity (no fractal structures appear), many of its features are similar and scale-invariant across the full range of N values. Thus the simple quantum evolution algorithm of Sec. IIB contains a very rich variety of spatial information.
IV. TWO-DIMENSIONAL QUANTUM RANDOM WALKS
A. Classical Random Walk in 2D
As noted in Sec. I, it is the advent of experiments capable of realizing a 2D QRW [35] that has caused the resurgence of interest, both experimental and theoretical, in the field. Before discussing the range of properties exhibited by QRWs in 2D, it is helpful to review the classical case. In principle there are several ways to generalize the unbiased 1D classical random walk to 2D, and here we mention 3. 1) Adopting a square grid, the walker at site (x, y) has equal probabilities of 1/4 (equivalent to a four-face coin) to move to any of the points (x ± 1, y) or (x, y ± 1). By drawing the probability grid even for a small number N of steps, one notices the curious feature that by summing the probabilities in the y direction one obtains the binomial distribution for a 1D walk of 2N steps for the probabilities in the x direction, and conversely, but there is no sense in which the 2D grid corresponds to a walk of 2N steps. However, by summing the probabilities in the (x−y) direction one obtains the binomial distribution for a walk of N steps for the probabilities in the (x+y) direction, and conversely; in this case it is true that the net probability distribution may be specified by P (x, y) = P (x + y)P (x − y) [see Eq. (1)], i.e. as the product of two independent 1D classical random walks along the lattice diagonals. Hence for large N the distribution approaches P (x, y) = 
and the mean distance of the walker from the origin after N steps is r = N/2. The reason that the walker does not reach the conventional "standard deviation" distance of √ N after N steps lies in the non-binomial nature of the four-face-coin selection rule. Here and in the remainder of the paper, we choose to rectify this situation by applying a different rule, namely that the walker at site (x, y) has equal probabilities of 1/4 to move to any of the points (x ± 1, y ± 1). This is equivalent to an expansion of the grid by a factor of √ 2 in each linear dimension and its rotation by 45 o . Now the conventional N -step 1D binomial distribution for x or y is recovered by summing over the probabilities in the orthogonal direction and it is easy to show for any N that P (x, y) = P (x)P (y). In the large-N limit, one obtains instead of Eq. (37) the result
and hence that r = √ N . 2) Remaining on a square grid, the walker is equipped only with a two-face coin and therefore flips it once to step to (x ± 1, y), then a second time to arrive at (x ± 1, y ± 1). This walk is identical to case (1) with the modified four-face coin selection rule and therefore possesses the same properties of separability in the x and y coordinates, as well as the large-N Gaussian distribution of Eq. (38).
3) A further generalization is to consider a continuous space in which the walker takes unit-length steps at any random angle 0 ≤ φ < 2π. By writing x = cos φ 1 + cos φ 2 + . . . + cos φ N and y = sin φ 1 + sin φ 2 + . . . + sin φ N , one may again show in the limit of large N that
and r = √ N , as in cases (1) and (2). We note that in all three cases the character of the grid, or of the coordinate system, is lost and the walk approaches perfect circular symmetry (r 2 = x 2 + y 2 ) at large values of N .
B. Two Types of 2D QRW
With a view to experimental realization, here we suggest two different protocols for a 2D QRW. Following the considerations above, and remaining within the confines of a square lattice, they are 1) using a four-face coin and 2) using a two-face coin twice at each step. To establish the evolution of these two QRWs, we follow the Yoperator formulation of Sec. IIIA, where the 1D QRW is effected by the two-face coin operator of Eq. (29) acting on the initial state of Eq. (30).
Four-Face Coin
We begin with case (1) to investigate the nature of the 2D QRW realized by a four-face coin, i.e. by a particle with four internal states. When the coin is flipped, the system evolves to a superposition state with the same amplitude, but not phase, for four components, such that the walker has equal probabilities to propagate in any of the four directions. Introducing the extended Y -operator
and the corresponding initial state
where
the action of the operator Y 4 is
We define the shift operator following the modified selection rule of case (1) in Sec. IVA, namely
To set the notation for the remainder of this section, we show the example of the first evolution step,
The QRW resulting from this four-face-coin protocol is shown in Fig. 14 for a walk of 100 steps. We note immediately that the qualitative features of this QRW are again nothing like a Gaussian, but are closely related to the properties of the 1D QRW, with strong peaks in the probability appearing close to the points (± N/ √ 2, ± N/ √ 2) and strong destructive interference 14. Probability distribution of 2D QRW effected using a four-face coin selecting steps in the ±(x+y) and ±(x-y) directions, for N = 100 steps.
causing very low probabilities anywhere in the central region of the figure. The locus of maxima is surprisingly square, showing no sign of adopting a circular symmetry with increasing N , and these maxima show oscillatory behavior also familiar from the 1D case (Sec. III).
Two-Face Coin
We proceed to case (2), to investigate the QRW effected by an evolution protocol using the same two-face coin twice in each complete cycle to generate successive steps in the x and y directions. The first flip of the coin selects the direction of ±x and the second ±y. The unitary operator for coin flips is the Y -operator of the 1D model [Eq. (29)] and we specify in initial state in the form
In the first step of the cycle, the coin space is flipped by the Y -operator and the result used to determine the shift operator S x for the x-direction,
In the second step, the same coin is flipped again by another application of Y but the outcome used to determine the action of S y , giving the final wave function at the end of the first cycle as
A full cycle can be represented asÛ = S y Y (S x Y ) and the quantum state after N evolution cycles as |ψ N = (Û ) N |ψ 0 .
The QRW resulting from this two-face-coin protocol is shown in Fig. 15 for a walk of 100 cycles. This probability distribution also has several properties in common with the 1D QRW, including strong probability peaks far from the center, strong destructive interference everywhere near (x, y) = (0, 0), and oscillatory behavior around the locus of maxima. However, the qualitative features of this QRW are strikingly different from those of the four-face-coin walk, most notably in that the peaks are rotated by 45 o , they occur right at the edge of the system, and here the locus of maxima does show some tendencies towards a circular shape, even if the peaks upon it remain strongly anisotropic and four-fold symmetric. The location of the probability maxima is really very anomalous, in that the minimum of the destructive interference is truly obtained when a walker makes all N of its steps in the same direction for one lattice orientation, but precisely N/2 in each direction for the other orientation.
C. Analysis of the 2D QRW
To understand the nature of the results in Figs. 14 and 15, in this section we demonstrate some of the analytical properties of the framework we have established for the two-and four-face-coin protocols. In the following section (V), we perform a numerical characterization of the two QRWs to demonstrate explicitly their unique features and their relationship to the 1D QRW.
Quite generally, any 2D QRW can be represented using a pair of two-face coins, one to control the left or right motion of the walker and the other to control the up and down motion. The nature of the resulting walk, meaning the destructive interference determining its probability distribution function, will be governed by the correlation, or entanglement, between the two coins. To illustrate this statement, we consider the case of a 2D QRW effected using two uncorrelated two-face coins, a situation we specify as follows. The operator flipping each coin is still the Y -operator [Eq. (29)], but there are two of them, and the initial state has the form
By flipping the x coin and shifting in the x direction, then doing the same for y as part of the same cycle because the processes are independent,
By comparison with Eq. (45), this is exactly the state obtained from the four-face coin. Thus if the operator Y y Y x is applied 100 times to the two uncorrelated coins used to control the walker then the probability distribution will be precisely that of Fig. 14 . In this sense the QRW obtained using a four-face coin does share one of the fundamental features of the classical random walk, namely that it can be factorized into two independent probability distributions, P (x, y) = P (x)P (y). Somewhat trivially, the classical case (Sec. IVA) is one where neither entanglement nor interference is possible, and therefore it can always be regarded as a walk generated by two independent coins (which in this case are not internal states of the walker). To demonstrate at the operator level the equivalence between the four-face-coin protocol and the QRW obtained using two uncorrelated two-face coins, we invoke the matrix identity
where Y 4 is the operator specified in Eq. (40) and the states | ↑ , | → , | ← , and | ↓ are those of Eqs. (41) to (45) . The shift operator S 4 is exactly that of Eq. (44), with the action
This demonstration that the extended Y -operator, Y 4 , for a four-face coin can be realized using two uncorrelated two-face coins provides one example of the statement that any 2D QRW can be represented using twoface coins. In one of the early analyses of 2D QRWs, the authors of Ref. [22] constructed three types of unitary operator, with corresponding initial states, to discuss how the nature of the walk is determined by the entanglement of the two directions. Indeed, extended Hadamard-type operators were shown to correspond to the non-entangled condition, while two other types of QRW, termed the Discrete Fourier Transform coin and the Grover coin, were shown to correspond to entanglement of the two-face coins. Although this work drew the conclusion that entanglement has a negative influence on the rate of spread of the quantum wave function, from the example of a Grover walk with a high probability distribution remaining at the center of the 2D lattice [22] , it was pointed out in Ref. [20] that this is not true in general. By applying a Grover coin to different initial states, one may find quite different spreading rates for the resulting QRW, and indeed a suitable initial state was found to produce the maximum possible rate of spread with a Grover coin. Some authors have studied decoherence [38] and localization [39] in 2D QRWs using the concept of two coins, and others have quantified the effects of entanglement by a partial or complete swapping of the two coins after each step of the walk [21] .
In one of the most notable recent studies [24, 25] , Di Franco and coauthors proved the equivalence of the spatial probability distributions between the 2D QRW using a single two-face coin, which these authors termed the "alternate quantum walk" (AQW) and which is identical to our case (2) above, and the Grover walk. This is the same Grover walk shown in Ref. [20] to provide the maximal spread rate, which is consistent with our demonstration (Fig. 15 ) that the peaks of maximum probability appear at the edge of the system, N units away from the center in either direction for a QRW of N cycles. Thus there is a clear sense in which the single-coin or alternate QRW is the case of maximal entanglement between the two correlated coins generating the walk; the entanglement is so perfect that the coins are identical.
The Grover coin can be expressed in the form
with the initial state providing the maximum spread rate being
Taking the general 1D unitary operator in the form
the generalized 2D unitary operation is given by
where c and s satisfy the condition |c| 2 + |s| 2 = 1. It is clear that unentangled coins may be effected by the "unmixed" situations |c| = 1, |s| = 0 and |c| = 0, |s| = 1, whereas the Grover coin requires the condition |c| = |s| = 1/ √ 2, or maximal entanglement. The method of generating a QRW by using the same two-face coin twice, to which we refer henceforth as the AQW [24, 25] , is an important one for a number of reasons. First and foremost is that two-state systems are much easier to find, or to produce, in any physical realization of a quantum walker, and hence are much more relevant for experimental implementation. Secondly, this maximally entangled protocol contains further unconventional phenomena, which we discuss in Sec. V. Further, coin entanglement provides a valuable and completely general means of constructing and perhaps also of realizing high-dimensional QRWs using only two-face coins.
We conclude this subsection by contrasting the two QRWs generated by unentangled and by maximally entangled coins. Figure 16 (a) shows in contour form the probability distribution of the unentangled case, taken from Fig. 14, and Fig. 16(b) shows the entangled case, taken from Fig. 15 . Both forms are useful for comparison with the work of different authors. The unentangled system appears to show a perfectly square, factorized probability distribution (a result we demonstrate in Sec. V) characteristic of the 1D QRW, with maxima at positions converging to (± N/ √ 2, ± N/ √ 2). The entangled case shows a circular "probability front" and significant complexity in the interference pattern within it. In the sense that the unentangled situation can be discussed as accelerated diffusion from the classical random walk to the QRW as a result of destructive interference, so the maximally entangled walk appears to show a still further accelerated diffusion. Indeed, it achieves a situation where information propagates to the very edge of the system with high probability, which is a quite remarkable consequence of near-perfect destructive interference among trajectories in the center region. A possible interpretation of this result may be found in preservation of the information content of the coin, because the degree of two-coin entanglement is "complete" in the sense that the walk can be generated using only one coin.
V. NUMERICAL STUDIES OF 2D QRWS
For an exact characterization of the 2D QRWs introduced in Sec. IVB, we turn now to a numerical investigation of their probability distributions. We generate the two walks by iterating the processes illustrated for the first step in Eqs. (45) and (48), which from Sec. IVC we understand to correspond respectively to two two-facecoin QRWs with unentangled and with maximally entangled coins. We begin by contrasting in Table IV the analytical results for the probabilities of the two walks for N = 6 steps.
This exercise makes clear that the two QRWs are radically different from the outset. For the unentangled case, it is easy to see the result one may already suspect from Fig. 14 and expect from Eq. (53) , that the probability distribution of the unentangled 2D QRW, P (x, y) = P (x)P (y), is a direct product of two 1D QRWs in the x and y directions. We will shortly demonstrate it numerically for large values of N . We remind the reader that this result is not exactly intuitive, given that the walk steps are each made in the x±y direction of the lattice and as such would appear to entangle the two directions completely; however, this result also emerges from the 2D classical random walk (Sec. IVA). For the entangled case, the probability distribution has no direct relation to the 1D QRW and indeed already shows the concentration of probability along the x and y directions rather than along the diagonals.
A. Cross-Sections of the Probability Distribution
For our numerical calculation of the characteristics of the different 2D QRWs, we have computed the probability distributions for both walks up to N = 1000 steps, whose illustration requires a 1000×1000 grid. To show the results in a manner more quantitative than is possible in Figs. 14 to 16, we consider slices through the 2D probability data taken along the x axis, along the diagonal x+y, and along the "edge" of the data set, as shown in Fig. 17 . . Schematic illustration of 1D slices taken through the 2D probability distribution for the two 2D QRWs considered, whose data are shown in Fig. 18 . Slice A denotes the xdirection, B the diagonal, and C is the edge of data. In panel (a), where the blue square denotes the region of maximum probability, slice C is taken at x = 0.7N ; in panel (b), where the maximum probability is found along the blue circle, slice C is taken at the true edge (x = N ).
The results of this process are illustrated in Fig. 18 for walks of N = 100 steps. For the non-entangled case, panel A1 proves the numerical identity with the 1D QRW, P (x, 0) = P (x)P (0), which can be compared with Fig. 2 using the result for P (0) with N = 100. This being the case, panel C1 is very easy to interpret and for any parallel cut would have the same functional form with any prefactor from P (x). Panel B1 can be expected to satisfy P (x, x) = P 2 (x), and therefore to have an envelope function of the form (N/ √ 2 − x) −1 across the outer half of the distribution, a result we demonstrate below. By contrast, rather little is known about the distribution P (x, y) for the AQW and its understanding will require applying the techniques of Sec. III, for small data sets, to the panels A2, B2, and C2 of Fig. 17 . Qualitatively, in A2, the horizontal slice through the probability maxima, we observe an apparent envelope function with no oscillations and a divergence towards x = ±N with an unknown power. In B2 we observe a complex oscillatory pattern with significant probability extending beyond its peak value. In C2 we observe a remarkably classicallooking probability distribution at the edge of the system, where we remind the reader that the peak is the absolute maximum anywhere in the walk.
We wish to characterize the AQW by the power-law form of its probability envelope function around the peak values of the distribution. For this we analyze the 2D probability slices following Eq. (32), but because our largest system size in 2D is N = 1000, the numerical results do not give particularly reliable curve fits. Although the divergence of P (x) at x = N/ √ 2 (at x = N for slice A2) is not achieved with any accuracy for these values of N , we enforce this value in all cases other than slice B2 to reduce the arbitrariness in the fitting parameters. We show in Fig. 19 the probability on logarithmic axes as a function of (b − x)/N for fixed values b = 0.707N in cases A1 and B1, b = N in case A2, and the fitted value (32)], respectively, over the bulk of the range, and the accuracy to which the data fall on a straight line benchmarks the method for N = 1000. For panel A2, the data are remarkably clean and give a clear gradient parameter c = 1, indicating that the envelope function of the peak in the maximally entangled walk satisifes the form P (x, 0) = P 0 + a/(1 − x/N ) to high accuracy. For panel B2, a slice that does not include the main peaks but only the circular edge of local probability maxima, we find a result close to c = 1/2, although here the envelope is poorly defined and the errors significant. While our estimate of the functional form of the xdependence of the AQW is somewhat approximate, the N -dependence of the probability distribution is beyond doubt. At every corresponding position, the probability falls by a factor of 4 for every doubling of N . This result is illustrated by the black (N = 500) and red (N = 1000) lines in Fig. 19 . Thus we propose that the appropriate fit to the probability data on these four slices is given by the algebraic form
with c+d = 2 and the values of c as deduced from Fig. 19 . We may conclude that the entangled 2D QRW has algebraic scaling properties similar to the 1D-case. While its probability distribution shows no oscillations in the x and y directions, in the x±y directions it oscillates in a manner not dissimilar to the 1D QRW (panel B2 in Fig. 18 ).
In Fig. 20 , we show that the number of peaks in this slice is again proportional to the step number N , and with a constant of proportionality again of order 8.5% (Sec. IIIB), although we point out that for x ∼ N/ √ 2, where the 1D QRW shows its strongest peak, this distribution has its deepest valley.
B. Edge of the Probability Distribution
Next we consider the probability distribution at the edge of the walk for the AQW, shown in panel C2 of Fig. 18 . As remarked above, this QRW has the highly anomalous feature that its maximum probability occurs when the walker takes the maximum number of steps in the same direction along one of the two axes, but returns to the center of the other axis. Further, a visual inspection of the 1D slice through this maximum suggests that the distribution on this edge may be a Gaussian, or a related function similar to the 1D classical random walk.
To investigate whether a quantum walk can lead to a classical results, we employ the decomposition of the unitary evolution matrix into the matrices P and Q introduced in Sec. II B. For the 2D QRW we require matrices P x for steps to the left, Q x for right, P y for up, and Q y for down. Exploiting the AQW equivalence of the maximally entangled two-coin QRW, we use the same coin alternately for the x and y directions. Because our aim is to understand the probability distribution on the righthand edge of the system (equivalent to Fig. 17(b) , slice C), every x-direction operation for the walker must be a Q x matrix and not P x . A complete cycle of the walk may then be either R = P y Q x or S = Q y Q x , where
and thus
i.e. only the left-most operator in the string of steps is important. With this result it is possible to calculate the entire edge distribution analytically for any value of N . We illustrate the process for a walk of N = 4 steps. The paths arriving at position (N, 0) are RRSS, RSSR, RSRS, SSRR, SRSR, and SRRS, which are divided between the coin states | ↑ and | ↓ according to and finally
Paths arriving at position (N, 2) are RRRS, RRSR, RSRR, and SRRR, yielding
, and thus
The only path arriving at position (N, 4) is RRRR, leading to
This analytical solution demonstrates that the quantum mechanical interference leading to the probability on the edge of the system is constructive everywhere, with none of the paths interfering destructively. Regions at the center of the edge simply have the most paths, and this is the origin of what we can call the "semi-classical" result that the probability is maximal at the center of the edge, leading to a distribution similar in appearance to the binomial distribution of the classical random walk. In fact the degree of destructive interference everywhere else in the 2D AQW is such that these maxima on the edges are the global maxima, meaning that the walker is effectively pushed to the maximal number of steps in order that it does not "destroy itself" by interference in the maximally entangled two-coin walk.
A quantitative examination of the coefficients of the AQW edge reveals that, despite being peaked at the center, they are not the same as the 1D classical random walk, as shown in Table V . The probability distribution at position x on the edge of an N -step AQW can in fact be expressed exactly as
where C i n is a binomial coefficient (Sec. IIA). This remarkable result, which we term a "pseudobinomial" distribution, encodes the emergence of the physics of classical probabilities in the highly entangled QRW. The binomial coefficients appearing in the penultimate step before measurement (Table V) arise as a consequence of the complete constructive interference of paths, as illustrated in Eqs. (61) to (63) and discussed in the preceding paragraph.
To demonstrate the form of the AQW edge probability at large N , we fit both binomial [Eq. (1)] and pseudobinomial distributions to the Gaussian, as specified in Eq. (31) and again with P 0 = 0 = b, to compare their forms and to extract their standard deviations σ. As shown in Fig. 21(a) , while the binomial distribution gives the result σ = √ N , the standard deviation of the AQW edge probability is σ = N/2, i.e. the distribution is narrower and the diffusion, or spreading, rate of the walk slower (more localized) by a factor of 1/ √ 2. Concerning the normalization prefactor A [ Fig. 21(b) ], the binomial approaches the Gaussian result A = 1/ √ 2πN , but the AQW edge distribution does not, following instead a de- pendence A ∝ 1/N . While the probability of the classical random walk of course sums to unity, determining A for a true Gaussian, the probability distribution at the edge of the AQW is not normalized due to the weight in the interior of the walk, and hence the edge probability is found to decay more rapidly than a true Gaussian. The emergence of such a pseudobinomial distribution in a QRW is yet another example of the rich physics contained in a deceptively simple quantum evolution algorithm.
C. Fourier Transformation of 2D QRWs
For further insight into the structure of the AQW probability distribution, we compute the Fourier transform F (k x , k y ) of P (x, y) for both the 2D QRWs we consider. To analyze these distributions in a quantitative manner, we present the data in the form of 1D slices. Figure  23 is completely analogous to Fig. 18 , with the unentangled QRW in the left panels, the entangled one on the right, A denoting a horizontal slice through the center of the Fourier distribution, B a diagonal slice, and C the edge. We illustrate the qualitative features of the data using QRWs of N = 100 steps, but for our numerical analysis of the properties of the Fourier transforms we use values of N up to 1000.
In panel A1 of Fig. 23 , which shows F (k x , 0) for the unentangled QRW, we observe the factorized form F (k x )F (0) = F (k x ) expected from Sec. VA and shown in Fig. 3(b) . Panel B1 shows F (k x , k x ) = F 2 (k x ), with only positive components and a correspondingly steeper decay of the envelope. Panel C1, showing F (π, k y ), is identical to A1 up to a multiplicative prefactor, which is small and happens to be negative at k x = π. Turning to the AQW, where the probability distribution cannot be factorized, the slice F (k x , 0) in panel A2 is not dissimilar to panel B1, in that all of the Fourier components are positive and they decay significantly more rapidly than those of the 1D QRW. However, their oscillatory form shows a very precise odd/even modulation, which is not evident in the 1D QRW. The diagonal slice F (k x , k x ) is shown in panel B2 and confirms both the odd/even modulation and the concentration of Fourier amplitude near the center of the system. Finally, panel C2 has no readily discernible structure, reflecting the fact that the AQW edge is non-oscillatory and thus dramatically different from all the other QRW distribution slices (Sec. VB).
Following Sec. IIID, we investigate two properties of the Fourier transform slices, namely their envelope and their oscillations. To characterize the decay of the envelope function, we follow the procedure shown in Fig. 13 and use logarithmic axes. As shown in Fig. 24(a) , and as expected from Sec. IIID, the envelope functions for panels A1 and B1 yield algebraic decay exponents close to c = 1/2 and c = 1, respectively, for the Fourier components around k = 0; the accuracy with which the data adhere to a straight line again benchmarks the accuracy one may expect from data up to N = 1000. The data from slice A2 form by far the best-quality set in Fig. 24(a) and the algebraic decay exponent is unequivocally c = 1/2, meaning that the spatial periodicity content of the AQW is qualitatively similar to that of the unentangled QRW at low frequencies. We take this opportunity to remind the reader that there is a priori no direct connection between the real-and reciprocal-space exponents of the envelope functions (respectively around the peak of P (x) and around k = 0) and the two QRWs present an example pair with different exponents in real space, describing the peak shape, but the same exponent in reciprocal space, describing the frequency content. The data from slice B2 exhibit the lowest-quality envelope in the figure, but still show a strong qualititive similarity to slice B1, with c = 1. Again this highlights the complexity of the spatial frequency content of the AQW in its different directions and indicates that the entanglement inherent in the AQW also entangles the spatial information of the different lattice directions.
For completeness, we show in Fig. 24(b) the Fourier components of the four slices at high k, where once again slices A1 and B1, with respective gradients c ′ = 1 and c ′ = 2 benchmark the accuracy of the approach. Again we observe that slices A2 and B2 for the AQW are qualitatively similar, with the caveat that the data for slice A2 show evidence of a distinctively different intermediate regime. We stress that the difference in amplitude of the Fourier components between the unentangled QRW and the AQW, which reaches two orders of magnitude over the large-k half of the range for slices A1 and A2, is the most meaningful measure of strong quantitative differences between the two QRWs.
Concerning the oscillations visible in the Fourier transforms, in the unentangled case it is known from Sec. III that the 2D QRW contains spatial frequency informa- tion on all length scales and that beating phenomena become visible both in real space around the maximum frequency and as a result in Fourier space near k = ±π. For the AQW, our data (Figs. 23 and 24) show that the high-frequency spatial components are very significantly weaker, meaning that lattice-scale oscillations are of little relevance, and this suggests that beating (which we are unable to find up to N = 1000) is unlikely to be present. We believe that the extra strength of even harmonics in the AQW results from the even step number.
We close our analysis of the Fourier-space information contained in a QRW by summarizing a complementary perspective, named the "dispersion relation" approach in Ref. [40] . In Sec. IIC we presented the exact solution of the 1D QRW by considering its nature in Fourier space, finding that the Hadamard operator (3) gave rise to a dispersion relation for a quantity ω k = sin
, specified in terms of k. Although ω k is largely a simplifying notation, as there is no concept of a separate "time" (step number) and space in a QRW, it does result in a compact description in higher dimensions and it has the added advantage of reflecting different degrees of coin entanglement in a transparent way. When the AQW in 2D is transformed into Fourier space [40] , one may express the operator as 
Because λ k = e iω k , the dispersion relations for the four eigenmodes of the AQW take the form
allowing a considerable simplification of the process [Eq. (27) ] of generating the probability distribution in this case.
VI. EXPERIMENTAL REALIZATION OF 2D QRWS
In the preceding sections we have discussed in detail two different types of 2D QRW, demonstrating both their generation by protocols using two-or four-faced coins and the nature of their probability distributions. In this section we turn to the issue of realizing a 2D QRW in experiment. The principle of an experiment reproducing a discrete-time quantum walk is straightforward at the conceptial level. The QRW device must be based around a microscopic particle (walker) with internal quantum degrees of freedom, which are able to act as the coin. This last requirement means that the walker must have a different observable physical state, reacting to the coin degree of freedom to produce a specific and experimentally differentiable outcome, resulting in an evolution process whose amplitudes and interference are measured at the final step in the form of a probability distribution.
We begin by reviewing the different experimental realizations of the 1D QRW reported in the last decade. One of the most popular walkers is, perhaps unsurprisingly, the photon; photons interact weakly with many forms of matter and have obvious internal degrees of freedom in the form of their angular momentum and their polarization. (1) The optical Galton board is a direct quantum analog of the classical random walk, proposed [41] and then realized [26] using the elements of linear optics. The coin state is the polarization of the photon and an array of half-wave plates (HWPs) act as the Hadamard operators, as represented in Fig. 25 . Polarization beam splitters (PBSs) determine the path of the photon, on the basis of its polarization, and thus act as shift operators causing the photon to walk in real space. (2) A different type of protocol also employing photons manipulated by HWPs and PBSs is the time-delay loop scheme, realized in Ref. [27] , but here the observable state is the arrival time of the photon at the detector. (3) Another photon-based proposal is an optical cavity [42] in which the observable is the frequency of the light field, the coin may be the spatial path or polarization state of the photon, and the key element reacting to the coin is an electrooptic modulator modifying the frequency in the cavity.
The other primary type of walker in proposed QRW implementations is a real particle. (4) Neutral atoms can be confined in traps, and contained on an optical lattice in 1D, 2D, or 3D as a consequence of laser manipulation of their internal hyperfine structure. Using this type of system as the basis of a QRW was proposed [43] and then realized [30] using microwave Raman pulses as the Hadamard operator selecting between different (for example spin-dependent) optical lattices. (5) Proposals based on trapped ions, using their electronic degree of freedom as the coin state, have suggested using the real displacement [44] or the phonon number as observables, and have been realized both in phase space for a (so far) limited step number [31] and in real space up to 23 steps [32] . (6) Nuclear magnetic resonance (NMR) techniques have been employed extensively for addressing qubits in quantum information processing and have also been applied for the realization of a 1D phase-space QRW on a small system [33] . In this approach one requires a first molecule whose nuclear spin acts as the coin and a second whose nuclear state evolves as a consequence.
The realization of a 2D QRW is a challenge for a number of reasons. One is that the most straightforward approach would require a four-face coin, meaning a system with four degenerate internal states. Another is that any walk in a space other than real space, for example the time domain, is not easy to extend to additional dimen-sions. Still, some elements of the 1D QRW implementations listed above have been proposed as candidate systems for generating a real 2D QRW, and in one case such a walk has been demonstrated. One suggestion [45] is an optical cavity where the observable state, the frequency of the light field, can be increased or decreased by photons in the two orthogonal linear polarization states. A four-state coin is created from the four different spatial paths of the light field, which act to change its frequency by +ω x , −ω x , +ω y , or −ω y . Another proposal [46] was to use a time-delay loop where the walker is a photon, the coin is both its internal degrees of freedom (polarization and orbital angular momentum), and the observable is its arrival times. A conceptually similar scheme was realized recently by Schreiber and coworkers [35] using an optical fiber network, creating a 2D QRW of 6 complete cycles. In both of the latter studies [35, 46] , the QRW protocol actually involved flipping a two-face coin twice, as the internal states were determined separately in two sub-steps, and the authors of Ref. [35] exploited this to vary the coin entanglement in their QRW. However, in none of these cases is the walker actually moving in real space, and therefore the extension to walks of very large N remains difficult.
With a view to implementing a large-N QRW in 2D, we discuss two possibilities here. As discussed in Sec. IVB, the 2D AQW has a distinct advantage over any other QRW protocol in that it can be generated by successive flips of a single coin, as demonstrated by Di Franco and coworkers [24, 25, 40] . It is conceptually straightforward to extend the experiments realizing the 1D QRW to a 2D AQW if the walker space is real space, and so we consider the examples of photons in an optical Galton board and neutral atoms in an optical lattice.
As discussed above, a QRW can be achieved within the framework of linear optics [26] . In general, the photons are not required to walk on a line, but the exit directions from the PBS must be mutually orthogonal (Fig. 25) . For the 2D AQW, a 3D structure is required and a full cycle consists of two steps, as illustrated in Fig. 26 . At the first, a photon propagating in direction (1, 0, −1) is split into directions x + = (1, 0, −1) and x − = (−1, 0, −1); before the second, the light must be guided from the xz to the yz plane using polarization-maintaining fibers [27] , after which it can be split into propagation directions y + = (0, 1, −1) and y − = (0, −1, −1); to complete the cycle, the light is guided again into the xz plane. After N cycles of HWP, PBS, and optical-fiber steps, detectors at the output of each PBS report the probability distribution. We remind the reader that, although the HWP is clearly a different one at each step, this experiment realizes the AQW because it involves two 2×2 Hadamard operations in sequence on the wave function at each cycle [Eqs. (46) to (48)] and not two such operations happening simultaneously but independently [Eqs. (49) and (50] . However, even with a solid-state implementation of this apparatus applying the type of micro-machining technology used in the preparation of 3D photonic crystals, it would seem unlikely that 2D QRWs beyond N ∼ 100 could be realized by this technique. We suggest that an adaptation of the coupled waveguide approach of Ref. [34] , possibly to chip-based systems with contemporary fabrication technology, presents the most promising approach for truly large-scale implementation of photonic QRWs.
Turning to the experimental realization of the 2D AQW on an optical lattice, this has been investigated in Ref. [43] . The two internal states of the neutral atom are trapped in two different optical lattices formed by the standing waves of the applied laser fields. As above [43] , relatively standard Raman pulse or other microwave techniques can be used to effect the "Hadamard rotation" of the internal states and movements of the lattices (laser phase shifts) used to implement the shift operation controlled by the rotation. The Raman laser pulses are applied at time steps t i , causing random selection of the internal state of the atom and thereby selecting the corresponding optical lattice, whose movement causes the atom to walk for a step. In this implementation it is essential that the steps t i , which may cause the atom to change lattices, coincide (in time) with the moment when the lattice minima coincide in space. The width of a 2D optical lattice, set by the external trapping potential, is of order 1 mm and the lattice constant is typically 0.5 µm, suggesting that this technique could be used to realize a 2D QRW with N ∼ 1000 steps.
One of the prerequisites for the optical lattice implementation would be to "condense" and then address only one walking atom in the entire trap. More conventional cold-atom systems would have a number of atoms condensing in the trap and therefore moving within the spot size of the laser providing the Raman pulses. This is a manifestation of a different type of problem, the multiwalker QRW, rather than the multi-coin scenario presented above. Most of the experimental realizations of multi-walker systems have been made using optical fibers and the physical question to be addressed concerns the entanglement between two walkers [47] [48] [49] . Multi-walker QRWs lie beyond the scope of this paper, where we restrict our considerations to the many types of singlewalker QRW discussed above.
The key problem in any realization of a QRW, in the space domain, the time domain, or in any other phase space, is to maintain the coherence of the quantum mechanical wave function, and hence the ideal form of the quantum interference, across many steps. Decoherence is the defining issue throughout the topic of quantum information and computing, affecting all aspects of state evolution. In the QRWs discussed in this section, it has many sources, including geometrical alignment, frequency resolution, component tolerances, shot noise, and others. Systematic studies of decoherence effects have recently been performed in photonic QRW systems [50, 51] . Using a polarization analog of the optical Galton board of Ref. [26] , the authors of Ref. [50] controlled the decoherence by deliberately misaligning the optical elements, causing disruption of the interference pattern in both space and time and thereby observing the transition from ballistic quantum (coherent) to diffusive classical (incoherent) walks. In the optical fiber network implementation [27, 35] , the QRW can be controlled directly through static, slow, or fast both fast changes of its propagation amplitudes [effectively introducing unequal coefficients in the shift operator of Eq. (6)], and in Ref. [51] this decoherence was applied to render a QRW not only classical but also completely (Anderson) localized. Among other things, such studies may be used to develop an understanding of the measures required for decoherence cancellation, allowing coherent QRWs to be achieved for truly large step numbers N .
VII. SUMMARY
Quantum random walks produce probability distributions entirely different from the well-known classical "drunkard's walk." In most cases, the distribution is controlled completely by predominantly destructive interference between the paths returning to the center, with the result that the positions of maximal probability are pushed out towards the edges of the walk. This results in the "linear diffusion" property of a quantum walker, which has made the QRW evolution algorithm so valuable in studies of quantum computing.
However, as quantum computing approaches largescale implementation, it is necessary to understand the nature of quantum algorithms at large scales. By this is meant an exact account of their properties, information content, limiting behavior, and scaling characteristics at long evolution times. Although analytical studies of different quantum walks in one and two dimensions have revealed certain characteristics of their evolution and interference, in particular their dependence on the initial state and the entanglement of the quantum coins generating them, to date there has been rather little consideration of the situation at large step number N .
By calculating the probability distributions for oneand two-dimensional quantum random walks up to N = 1000000 in the former case and N = 1000 in the latter, we have revealed a number of properties and scaling characteristics. In one dimension, we verify that the probability approaches peaks at x/N = ± 1/ √ 2 at large N , which is the transition region between destructive interference and vanishing probability for all steps to be made in the same direction. The normalized support converges to the region [−1/ √ 2, 1/ √ 2] and the envelope of the distribution peaks has a square-root decay, i.e. an algebraic form. Within this envelope, the probability shows systematic oscillations on all length scales, with the number of probability peaks always the same fraction of N . The frequency of these oscillations increases from the inverse system size to the inverse step length as a function of distance from the center of the walk. The different frequencies show complex beating phenomena in the regime where the oscillations are most rapid. These properties are revealed in a complementary fashion by taking the spatial Fourier transform of the distribution. All of these features are universal for walks of all N values, giving them very strong similarities, but not the property of self-similarity (there are no fractal structures in the simple walks studied here).
In two dimensions there is not one quantum random walk, or even one algorithm, but a spectrum of protocols capable of generating quantum evolution in a plane of phase space. The most elementary generalization from one to two dimensions, the square lattice, requires a coin with four faces instead of two, but a quantum walker with this property (four degenerate internal states) is a challenge to experimental realization. It has been shown that all such two-dimensional walks can be generated using two coins, one to control each direction, and we study two examples that in fact represent the limiting cases of the entanglement between these coins. The four-face coin is identical to a walk controlled by two completely uncorrelated (unentangled) two-face coins, whereas the single-coin walk, or alternate quantum walk, in which the same coin is used twice in sequence at each cycle, is the maximally entangled case.
In our numerical studies of these two limits, the understanding developed in one dimension gives a complete account of the unentangled quantum walk, whose twodimensional probability distribution factorizes exactly into two one-dimensional functions. By contrast, the maximally entangled case exhibits strong correlations between the two orthogonal directions, damping of the os-cillatory behavior, and the extraordinary feature that the maximum of the probability distribution is pushed all the way to the system edge by the dominance of destructive interference. We provide an analytical description of the edge distribution, showing that all paths arriving at the system edges interfere constructively and proving that its functional form is a type of pseudo-binomial, which is semi-classical in the sense of approaching a Gaussian dependence on the spatial coordinate at large N .
As two-dimensional quantum random walks become an experimental science, our analytical and numerical studies demonstrate that even the simplest algorithms for quantum evolution contain a rich variety of physical phenomena and potential for technological application.
